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Abstract A discrete integrable system and its Hamiltonian structure are generated by use
of Tu model. Then, its Darboux transformation is obtained, which can get the expression of
the new solutions.
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1 Introduction

In the past twenty years, continuous type integrable systems of the soliton theory has been
extensively developed. Meanwhile, the discrete integrable system, treated as models of some
physical phenomena, have become the focus of common concern and began to become the
most important topic because of its application in Physics, Chemistry and Biology, etc. So
it is necessary to pay more attention to the generating of discrete integrable systems and its
related properties.

Usually a discrete isospectral problem is given by

E®, =U,@u,, M)P,
and the auxiliary problem
D, =V, (u,, A)®
where the shift operator E is determined by
Ef(n)y=fn+1) = far1,
E" f()=[f(n—1)= fi.
(DY) =fn+1) — f(n) = fur1 — fau-
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The Gateaux derivative, the variational derivative and the inner product are defined by

a
J'wv] = 3¢ (4 Fev)le=o,

Su Z (3u(m))

g =) _(f(n),gn).

nez

By use of Tu model [1], a lot of nonlinear integrable lattice equations have been ob-
tained, such as the Toda lattice [1], the Ablowitz-Ladik lattice [2], the Volterra lattice [3],
the modified Volterra lattice [4], the differential KdV equation [5], the Blaszak-Marciniak
lattice [6, 7] and so on [8—13].

In this paper we construct a discrete isospectral problem, which has three potentials, and
get the Lax integrable systems. Using Tu scheme we get its Hamiltonian structure. And then
the Darboux transformation is derived to obtain the expression of new solutions.

2 Discrete integrable system

Consider the discrete matrix spectral problem

E®,=U,®, 4 =0, www=(° "n »

Sn A+ pn
CI)I I'n
q)n:(<b;>a Up =1\ Sn

Pn

a, b,
I'= (Cn _an> ' (2)

Solving the stationary discrete zero curvature equation,

ey

Let

(ET)U, — U,T" =0, 3)

gives rise to

Snbn+l —InCp = 0,

I'n (an-H + an) + )"bn-H + pnbn+17

_Sn(an+l +an) —Acy — PnCn = 0,

"nCpy1 — ()" + pn)(an+l - an) - snbn =0.
Let a, = Z,Onozo amim b, = Zm Ob(’”))» moCy = Z,Ono Oc,(l’”))u_’". From (14) we have the
following recurrence relation

“

(m) —
bn+1 —In C(m) 0

ra(alty +al™) + b1V + publ =0,

&)

—Sn (an+| + a(m)) c(m+l) - Pnc,(lm) =0,

+1
(a(m ) a’(11n+1)) _ pn(a(m) _ a}(lm)) _ snb;m) 0.

n+1 n+1 n+1
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Take a” = 1, b{? = {0 = 0, require a; ;=0 = 0, b;ljuj=0 = 0. ¢ =0 = 0, (j > 1), where
[u] = (u, Eu, E"'u,...), the first coefficients are given as following: a{" = 1, bV =

2°%n
—rue1s ) = =y, 0 = 5,11, b = =11 + pucitu-t, € = =5, + pusy, ... By this
way, the recursion relation (5) determines uniquely a;, b;, ¢;, j > 1. Denote
m (@) g m—i (i) g m—i
re 3 (“n‘ R ) . ©)
prt C;z);\m—z _a’(ll))Lm—Z

Direct calculation reads

0 _b(m-H)
(ET'"™HU, — U, '™ = ( s . ()

(m+1) (m+1) __(m+1)
cn an+] an

Then the discrete zero curvature equation admits the following hierarchy

o™
_pmtD L
Iy n+l1 "
(m
(un)tm = Sp = Cs,nhq) =J n ! s (8)
Sn
Dn tm a,(:iTl) — aflm+l) ilm)
Sn
0 ra(E + 1)sy Pnl'n
J= _Sn(l + E_l)rn 0 —PnSn . (9)
—Pnln PnSn rnESn _snE_lrn

Itis easy to see J* = —J.J is skew-symmetry operator, i. €. it is satisfy (f, Jg) = —(Jf, g),
in which the inner product is defined ad (f, g) = Zmez fn)g(n).
From (5), we obtain the recurrence operator L as follows

Ly L Ly
L= Ly L» Lxn (10)
Ly Ly L3
where
1 _1 1 1
Ll]:__E(E_l) Pnln,s L]ZZ_E(E_I) DPnSns
n I'n

1 1
L13 = _E(E - 1)_1(rnEsn —SnE_ll'n), L21 = __(E - l)_lpnrna
r, N

1 1

L22:_pnsna L23:_(E_1)_1(rnEsn_SnE_lrn)7
Sn Sn

L3i = —rn, L3 = —sy, L3z =—p,.

So the system (8) can be written as

(6]

|
T o
m
(un)tm =1 S» =JL a;_ (11)
n
Pn
tm c,(,l)

Sn
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when m =1 in system (11), the system (11) reduces to

Spt = —Sn + PnSn>

{rnt = —ry+ Pultn,
Pnt = Sp1Tn — SnFn—1-

To establish the Hamiltonian structure for system (7), we define

—(+pn)an + by Aan
Vn — FU71 — ( I'nSn Sn Sn )

n .
—G+pn)en _ an e
T'nSn 'n Sn

and (A, B) =Tr(AB), where A and B are the same order square matrices.

Then we have
oUu, (0 0 U, (0 1
ar \0 1)’ 3—rn_ 0o 0)’

W, (0 0 W, (0 0
Bs, \1 0)  Bp, \o 1)

Hence
U, Cn
an =
oA Sn
Vv aU, . A+ pn)cn an _ An41
" 8rl1 B rnsn rl‘l B rl‘l ’
< iU, > a,
Vi =
a5y, Sn
< aUu, > Cn
Vi, =)=
31?;1 Sn

Substituting (15) into the discrete trace identity

5 U, ? ou,\ .
E Vok), — )=(1"=1" V., —), =1,2,3
Su < ) % > < o >< au¢1> !

" kez
yields
0 an+1
8rn a 'n
1 “iy=arZor | @
o — k) =1"—A o
Sn oA
B ) ke rl
3pn Sn
Comparing the coefficient of A™"~! yields
(m)
5 ntl
Sry 'n
s C(m+1) .
n
ol D) (k)= —m)| @

Sn
kez "

- . ’(lm)
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Taking m = 0 gives r = 0. Thus

(m)
nt1
n

5Hm (m) C(m+l)

m | |, H, =3 (- k), 0. 19

ol kZ( —)w. m> (19)
Cilm) €

Sn

Hence, the system (11) have the following Hamiltonian structure

"n SH,, SH,_,
(un)tm = Sn =J =JL . (20)
» Su Su

tm

3 Darboux transformation and exact solutions

when taking m = 1 in (6) the spectral problem can be written as

YIH—I = Un Yns Ynt = Vn Ym (21)

1 1
0 At T
U= (s A+ ) o V=Tl L (22)
" b R L

Set & = (®!, ®2)7, W = (W!, U)T are the solutions to (21), by use of (®, ¥) we define
the transformation matrix

(At t12(n)
In= ( Ap(n) A+ lzz(")) @3)
with

[“(n):)\IOlZ(n)_)Lzal(n)’ f1p(n) = A=Ay ’

ay(n) —asx(n) ax(n) —ay(n) (24)
by (1) = (A1 — M) (m)az(n) by () = Aoy (n) — Asap(n)
2 aj(n) —ax(n) 2 oz (n) —ay(n)

20%.) — v \W2().
i (n) = & (A) — vV (L) (=1.2) 25)

DI — ()

here A;, y; (i =1, 2) are the proper parameters make that the terms in (24) and (25) are not
zero.
From (23) direct calculation yields

detT, = (A — A1) (A — Ap). (26)
Assume that there exit a gauge transformation
Y, =T, 27)
then the spectral problem (23) is transformed to

?n-%—l = ﬁn )’;;11 NT = I’l)’;;l (28)
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here U, = T, U, T; ", V,, = (T,, — T, V,)T,”". From (24) and (25) gives

qn+ ="y, (29)
v;(n)
here
i (”) =8, + ()"l + pn)ai (n)» Vi (n) =rpl; (l’l) (30)
From (24) and (29) we have
A VI — A v Al — A2)Viv
i+ 1) = 142V 2141 2. [12(n+1)=( 1 2V 2
H1V2 — U2V M2V — V2
(A —Xp) A A @D
— vy — %
b+ 1) = 1 2M|M2’ t(n+1) = 141V 242 1.
MiVv2 — U2V M2V — V2

Proposition 1 The matrix U, = T, T, Tn_1 has the same form as matrix U,, that is

~ (0 7

Ty S, and p, are defined as

Ta=rp+tnm+1),
Sp =80 — 1 (n), (33)
Pn=Dn+ 1+ 1) = tn(n).

The transformation (Y,;ry, Sp, Pn — Y, 70 S, Dn) is called a Darboux transformation

(DT) of the spectral problem (21), the transformation (33) is called a Backlund transfor-
mation (BT) during the potential functions.

Proof Let

-1 _ Tn* * __ fll(na }\,) le(nv)“)
Lo =qar TmUl= (le(n,k) fzz(n,m)' 34)

It is easy to see that A% fi(n, L), Afi2(n, 1), Afo1(n, A), for(n, L) are 3-order polynomials
in A. Also, we can readily verify that fi;(A;,n) =0 (i,k,l = 1,2). Based on the above
results, we can suppose

Ty U, T = (detT,)G, (35)
with
G, = (gz' lg?z . > (36)
&1 Anten
That is
LUy =G, T, (37

where gf ; (i, j=1,2;1=1,0) are determined functions in dependent of X.
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By comparing the coefficients of A’ (i = 1, 2) in both sides of (37), we obtain
gh =0,  gh=ri+mm+D)=F, g =s—tan)=5, )
g%2= 17 g32=t22(n+ 1)+pn _t22(n)=5n~

The proof is completed. O

Proposition 2 Under the gauge transformation (27) and (33) V., has the Sfollowing form
Aol ~
~ 5+3 —In-1
V, = (2 2 ) . (39)
~ Al
S ThT

hi(A,n) hu(k”))
hoy(A,n) hn(,n) )’

Proof Let

1 T

Tl= _n 40
" det 7, (40)

(Tm + T, Vn)Tn* = (
It is easy to see that iy (X, n), Aha(X, n), Aoy (X, n), has (X, n) are 3-order polynomials in
A. Also, we can readily verify that iy (A;, n) =0 (i, k,/ =1, 2). Based on the above results,
we can suppose

(Tnt + T, Vn)Tn* = (det Tn)Fn (4])
with
)\fl + f() fO >
F, = utJu 12 ' 42
( i A+ [ “2)
That is

T +T,V.=FT, (43)

where fllj, (i, j=1,2;1=1,0) are undetermined functions independent of A.
By comparing the coefficients of A’ (i =0, 1,2) in both sides of (43), we have

1 o_ 1 0 ~
f11:§s fllzz’ Jio =) = 1wt = —Tp-1,
| | (44)
f201=121—Sn=—E;1, f212=_5’ f202=_§
The proof is completed. O

From above propositions we come to the following conclusion

Proposition 3 The transformation (Y,; ry, Sy, pn — Y, 70,5, Dn) is the Darboux transfor-
mation of the spectral problem (21), under the Backlund transformation

Ta=ry+tn+1), Su=Su — 1 (n), Dn=pn+ton+1)—tmm@). (45)

The solution r,, s,, p, are mapped into the new solution 7,,,S,, p,. Substituting the trivial
solution r, = s, = p, = 1 of (12) into (22) leads to

A 1
0 1 itz
Yn+1=(1 H1>, Y’”:(_l _A_l), (46)
2 2

@ Springer



1246 Int J Theor Phys (2009) 48: 1239-1246

its basic solution can be chosen as

2
_g" /72
@, = B"exp(t k+2k+5)()\+1_ A2+2A+5>’

47
n S5 A1 = 2
with B = ()\+1+«/A2+2A+5)
= (=),
Substituting (47) into (25) we obtain
_ BlexptVE) i +1 = VE) — vi (=B i + 14+ V&)
a;(n) = ) (48)

28 exp(2t/E) — 2y (—=B;")

‘ /220
where B; = w, & = )\,.2 + 2A; + 5. Therefore the new solutions are given as
following

~ (A1 — Ao (m)ar(n)
a1 (n) — ax(n) + (Aa — Aoy (n)an(n)’
(A — A (m)az(n)

51—
’ aj(n) —ax(n) 49)
51+ Aion(n) — daoy (1) + (A + Ay — A3 — M)y (n)aa(n)

aj(n) —az(n) + (A — Ao (m)as(n)
A (n) — Azon(n)

az(n) —ay(n)

Additional, if we choose 7,,,s,, P, as the seed solution of (12), we can obtain other new
explicit solution by use of Darboux transformation again. Repeating the above process again
and again we can get multi-soliton solution.

References

. Tu, G.Z.: J. Phys. A: Math. Gen. 23, 303-3922 (1990)

. Ablowitz, Ladik, J.J.: Math. Phys. 16, 598-603 (1975)

Wddati, M.: Prog. Suppl. Theor. Phys. 59-36 (1976)

. Suris, Y.B.: Solv-int/9709005.V4 (1997)

Ohta, Y., Hirota, R.: J. Phys. Soc. Jpn. 60, 2095 (1991)

. Blaszak, M., Marciniak, K.: J. Math. Phys. 35, 4661-4682 (1994)

Zhu, Z.N., Zhu, Z.M., Wu, X.N., Xue, W.M.: J. Phys. Soc. Jpn. 71, 01864 (2002)
. Ma, WW., Xu, X.X.: J. Phys. A Math. Gen. 37, 1323 (2004)

. Ma, WX, Xu, X.X.: Int. J. Theor. Phys. 43, 219 (2004)

. Ma, W.X., Fuchssteiner B.: Chaos Solitons Fractals 7, 1227 (1996)

. Ma, W.X.: Phys. Lett. A 72, 316 (2003)

. Xu, X.X., Zhang, Y.F.: Theor. Commun. Phys. (Beijing) 41, 321 (2004)
. Li, Z., Zhang, N., Dong, H.H.: Chaos Solitons Fractals

0NN R WN—

——
W= O 0o

@ Springer


http://arxiv.org/abs/Solv-int/9709005.V4

	New Lattice Equation Hierarchies and Darboux Transformation
	Abstract
	Introduction
	Discrete integrable system
	Darboux transformation and exact solutions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


