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Abstract A discrete integrable system and its Hamiltonian structure are generated by use
of Tu model. Then, its Darboux transformation is obtained, which can get the expression of
the new solutions.
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1 Introduction

In the past twenty years, continuous type integrable systems of the soliton theory has been
extensively developed. Meanwhile, the discrete integrable system, treated as models of some
physical phenomena, have become the focus of common concern and began to become the
most important topic because of its application in Physics, Chemistry and Biology, etc. So
it is necessary to pay more attention to the generating of discrete integrable systems and its
related properties.

Usually a discrete isospectral problem is given by

E�n = Un(un,λ)�n

and the auxiliary problem

�nt = Vn(un,λ)�

where the shift operator E is determined by

Ef (n) = f (n + 1) = fn+1,

E−1f (n) = f (n − 1) = fn−1,

(Df )(n) = f (n + 1) − f (n) = fn+1 − fn.
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The Gateaux derivative, the variational derivative and the inner product are defined by

J ′(u)[v] = ∂

∂ε
J (u + εv)|ε=0,

δ ˜H

δu
=

∑

m∈z

E−1

(

∂H

∂u(m)

)

,

〈f,g〉 =
∑

n∈z

(f (n), g(n)).

By use of Tu model [1], a lot of nonlinear integrable lattice equations have been ob-
tained, such as the Toda lattice [1], the Ablowitz-Ladik lattice [2], the Volterra lattice [3],
the modified Volterra lattice [4], the differential KdV equation [5], the Blaszak-Marciniak
lattice [6, 7] and so on [8–13].

In this paper we construct a discrete isospectral problem, which has three potentials, and
get the Lax integrable systems. Using Tu scheme we get its Hamiltonian structure. And then
the Darboux transformation is derived to obtain the expression of new solutions.

2 Discrete integrable system

Consider the discrete matrix spectral problem

E�n = Un�n, λt = 0, Un(u,λ) =
(

0 rn

sn λ + pn

)

,

�n =
(

�1
n

�2
n

)

, un =
⎛

⎝

rn

sn

pn

⎞

⎠ .

(1)

Let

� =
(

an bn

cn −an

)

. (2)

Solving the stationary discrete zero curvature equation,

(E�)Un − Un� = 0, (3)

gives rise to
⎧

⎪

⎨

⎪

⎩

snbn+1 − rncn = 0,

rn(an+1 + an) + λbn+1 + pnbn+1,

−sn(an+1 + an) − λcn − pncn = 0,

rncn+1 − (λ + pn)(an+1 − an) − snbn = 0.

(4)

Let an = ∑∞
m=0 a(m)

n λ−m,bn = ∑∞
m=0 b(m)

n λ−m, cn = ∑∞
m=0 c(m)

n λ−m. From (14) we have the
following recurrence relation

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

snb
(m)

n+1 − rnc
(m)
n = 0,

rn(a
(m)

n+1 + a(m)
n ) + b

(m+1)

n+1 + pnb
(m)

n+1 = 0,

−sn(a
(m)

n+1 + a(m)
n ) − c(m+1)

n − pnc
(m)
n = 0,

rnc
(m)

n+1 − (a
(m+1)

n+1 − a(m+1)
n ) − pn(a

(m)

n+1 − a(m)
n ) − snb

(m)
n = 0.

(5)
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Take a(0)
n = 1

2 , b(0)
n = c(0)

n = 0, require aj |[u]=0 = 0, bj |[u]=0 = 0, cj |[u]=0 = 0, (j ≥ 1), where
[u] = (u,Eu,E−1u, . . .), the first coefficients are given as following: a(1)

n = 1
2 , b(1)

n =
−rn−1, c

(1)
n = −sn, a

(2)
n = snrn−1, b

(2)
n = −rn−1 + pn−1rn−1, c

(2)
n = −sn + pnsn, . . .. By this

way, the recursion relation (5) determines uniquely aj , bj , cj , j ≥ 1. Denote

�{m} =
m

∑

i=0

(

a(i)
n λm−i b(i)

n λm−i

c(i)
n λm−i −a(i)

n λm−i

)

. (6)

Direct calculation reads

(E�{m})Un − Un�
{m} =

(

0 −b
(m+1)

n+1

c(m+1)
n a

(m+1)

n+1 − a(m+1)
n

)

. (7)

Then the discrete zero curvature equation admits the following hierarchy

(un)tm =
⎛

⎝

rn

sn

pn

⎞

⎠

tm

=
⎛

⎜

⎝

−b
(m+1)

n+1

c(m+1)
n

a
(m+1)

n+1 − a(m+1)
n

⎞

⎟

⎠
= J

⎛

⎜

⎜

⎜

⎜

⎝

a
(m)
n+1
rn

a
(m)
n

sn

c
(m)
n

sn

⎞

⎟

⎟

⎟

⎟

⎠

, (8)

J =
⎛

⎝

0 rn(E + 1)sn pnrn

−sn(1 + E−1)rn 0 −pnsn

−pnrn pnsn rnEsn − snE
−1rn

⎞

⎠ . (9)

It is easy to see J ∗ = −J.J is skew-symmetry operator, i. e. it is satisfy 〈f,Jg〉 = −〈Jf,g〉,
in which the inner product is defined ad 〈f,g〉 = ∑

m∈z f (n)g(n).
From (5), we obtain the recurrence operator L as follows

L =
⎛

⎝

L11 L12 L13

L21 L22 L23

L31 L32 L33

⎞

⎠ (10)

where

L11 = − 1

rn

E(E − 1)−1pnrn, L12 = 1

rn

E(E − 1)−1pnsn,

L13 = 1

rn

E(E − 1)−1(rnEsn − snE
−1rn), L21 = − 1

sn

(E − 1)−1pnrn,

L22 = 1

sn

pnsn, L23 = 1

sn

(E − 1)−1(rnEsn − snE
−1rn),

L31 = −rn, L32 = −sn, L33 = −pn.

So the system (8) can be written as

(un)tm =
⎛

⎝

rn

sn

pn

⎞

⎠

tm

= JLm

⎛

⎜

⎜

⎜

⎜

⎝

a
(1)
n+1
rn

a
(1)
n

sn

c
(1)
n

sn

⎞

⎟

⎟

⎟

⎟

⎠

(11)
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when m = 1 in system (11), the system (11) reduces to

{ rnt = −rn + pnrn,

snt = −sn + pnsn,

pnt = sn+1rn − snrn−1.

(12)

To establish the Hamiltonian structure for system (7), we define

Vn = �U−1
n =

( −(λ+pn)an

rnsn
+ bn

sn

an

sn

−(λ+pn)cn

rnsn
− an

rn

cn

sn

)

(13)

and 〈A,B〉 = Tr(AB), where A and B are the same order square matrices.
Then we have

∂Un

∂λ
=

(

0 0
0 1

)

,
∂Un

∂rn

=
(

0 1
0 0

)

,

∂Un

∂sn

=
(

0 0
1 0

)

,
∂Un

∂pn

=
(

0 0
0 1

)

.

(14)

Hence
〈

Vn,
∂Un

∂λ

〉

= cn

sn

,

〈

Vn,
∂Un

∂rn

〉

= − (λ + pn)cn

rnsn

− an

rn

= an+1

rn

,

〈

Vn,
∂Un

∂sn

〉

= an

sn

,

〈

Vn,
∂Un

∂pn

〉

= cn

sn

.

(15)

Substituting (15) into the discrete trace identity

δ

δun

∑

k∈z

〈

Vn(k),
∂Un

∂λ

〉

=
(

λ−r ∂

∂λ
λr

)〈

Vn,
∂Un

∂ui
n

〉

, i = 1,2,3 (16)

yields
⎛

⎜

⎜

⎝

δ
δrn

δ
δsn

δ
δpn

⎞

⎟

⎟

⎠

∑

k∈z

cn

sn

(k) = λ−r ∂

∂λ
λr

⎛

⎜

⎜

⎝

an+1
rn

an

sn

cn

sn

⎞

⎟

⎟

⎠

. (17)

Comparing the coefficient of λ−m−1 yields

⎛

⎜

⎜

⎝

δ
δrn

δ
δsn

δ
δpn

⎞

⎟

⎟

⎠

∑

k∈z

c(m+1)
n

sn

(k) = (r − m)

⎛

⎜

⎜

⎜

⎜

⎝

a
(m)
n+1
rn

a
(m)
n

sn

c
(m)
n

sn

⎞

⎟

⎟

⎟

⎟

⎠

. (18)
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Taking m = 0 gives r = 0. Thus

δHm

δu
=

⎛

⎜

⎜

⎜

⎜

⎝

a
(m)
n+1
rn

a
(m)
n

sm

c
(m)
n

sn

⎞

⎟

⎟

⎟

⎟

⎠

, Hm =
∑

k∈

(

−c(m+1)
n

msn

)

(k), m > 0. (19)

Hence, the system (11) have the following Hamiltonian structure

(un)tm =
⎛

⎝

rn

sn

pn

⎞

⎠

tm

= J
δHm

δu
= JL

δHm−1

δu
. (20)

3 Darboux transformation and exact solutions

when taking m = 1 in (6) the spectral problem can be written as

Yn+1 = UnYn, Ynt = VnYn, (21)

Un =
(

0 rn

sn λ + pn

)

, Vn = �{1} =
( 1

2 λ + 1
2 −rn−1

−sn − 1
2λ − 1

2

)

. (22)

Set � = (�1,�2)T ,� = (�1,�2)T are the solutions to (21), by use of (�,�) we define
the transformation matrix

Tn =
(

λ + t11(n) t12(n)

λt21(n) λ + t22(n)

)

(23)

with

t11(n) = λ1α2(n) − λ2α1(n)

α1(n) − α2(n)
, t12(n) = λ1 − λ2

α2(n) − α1(n)
,

t21(n) = (λ1 − λ2)α1(n)α2(n)

α1(n) − α2(n)
, t22(n) = λ1α1(n) − λ2α2(n)

α2(n) − α1(n)
,

(24)

αi(n) = �2
n(λi) − γi�

2
n(λi)

�1
n(λi) − γi�1

n(λi)
(i = 1,2) (25)

here λi, γi (i = 1,2) are the proper parameters make that the terms in (24) and (25) are not
zero.

From (23) direct calculation yields

detTn = (λ − λ1)(λ − λ2). (26)

Assume that there exit a gauge transformation

˜Yn = TnYn (27)

then the spectral problem (23) is transformed to

˜Yn+1 = ˜Un
˜Yn, ˜YT = ˜Vn

˜Yn (28)



1244 Int J Theor Phys (2009) 48: 1239–1246

here ˜Un = Tn+1UnT
−1
n , ˜Vn = (Tnt − TnVn)T

−1
n . From (24) and (25) gives

αi(n + 1) = μi(n)

νi(n)
, i = 1,2 (29)

here

μi(n) = sn + (λi + pn)αi(n), νi(n) = rnαi(n). (30)

From (24) and (29) we have

t11(n + 1) = λ1μ2ν1 − λ2μ1ν2

μ1ν2 − μ2ν1
, t12(n + 1) = (λ1 − λ2)ν1ν2

μ2ν1 − μ1ν2
,

t21(n + 1) = (λ1 − λ2)μ1μ2

μ1ν2 − μ2ν1
, t22(n + 1) = λ1μ1ν2 − λ2μ2ν1

μ2ν1 − μ1ν2
.

(31)

Proposition 1 The matrix ˜Un = Tn+1TnT
−1
n has the same form as matrix Un, that is

˜Un =
(

0 r̃n

s̃n λ + p̃n

)

(32)

r̃n, s̃n and p̃n are defined as

r̃n = rn + t12(n + 1),

s̃n = sn − t21(n), (33)

p̃n = pn + t22(n + 1) − t22(n).

The transformation (Yn; rn, sn,pn → ˜Yn; r̃n, s̃n, p̃n) is called a Darboux transformation
(DT) of the spectral problem (21), the transformation (33) is called a Backlund transfor-
mation (BT) during the potential functions.

Proof Let

T −1
n = T ∗

n

detTn

, Tn+1UnT
∗
n =

(

f11(n,λ) f12(n,λ)

f21(n,λ) f22(n,λ)

)

. (34)

It is easy to see that λ2f11(n,λ), λf12(n,λ), λf21(n,λ), f22(n,λ) are 3-order polynomials
in λ. Also, we can readily verify that fkl(λi, n) = 0 (i, k, l = 1,2). Based on the above
results, we can suppose

Tn+1UnT
∗
n = (detTn)Gn (35)

with

Gn =
(

g0
11 g0

12

g0
21 λg1

22 + g0
22

)

. (36)

That is

Tn+1Un = GnTn (37)

where gl
ij (i, j = 1,2; l = 1,0) are determined functions in dependent of λ.
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By comparing the coefficients of λi (i = 1,2) in both sides of (37), we obtain

g0
11 = 0, g0

12 = rn + t12(n + 1) = r̃n, g0
21 = sn − t21(n) = s̃n,

g1
22 = 1, g0

22 = t22(n + 1) + pn − t22(n) = p̃n.
(38)

The proof is completed. �

Proposition 2 Under the gauge transformation (27) and (33) ˜Vn has the following form

˜Vn =
(

λ
2 + 1

2 −r̃n−1

s̃n − λ
2 − 1

2

)

. (39)

Proof Let

T −1
n = T ∗

n

detTn

, (Tnt + TnVn)T
∗
n =

(

h11(λ,n) h12(λ,n)

h21(λ,n) h22(λ,n)

)

. (40)

It is easy to see that h11(λ,n), λh12(λ,n), λh21(λ,n),h22(λ,n) are 3-order polynomials in
λ. Also, we can readily verify that hkl(λi, n) = 0 (i, k, l = 1,2). Based on the above results,
we can suppose

(Tnt + TnVn)T
∗
n = (detTn)Fn (41)

with

Fn =
(

λf 1
11 + f 0

11 f 0
12

f 0
21 λf 1

22 + f 0
22

)

. (42)

That is

Tnt + TnVn = FnTn (43)

where f l
ij , (i, j = 1,2; l = 1,0) are undetermined functions independent of λ.

By comparing the coefficients of λi (i = 0,1,2) in both sides of (43), we have

f 1
11 = 1

2
, f 0

11 = 1

2
, f 0

12 = −t12(n) − rn−1 = −r̃n−1,

f 0
21 = t21 − sn = −̃sn, f 1

22 = −1

2
, f 0

22 = −1

2
.

(44)

The proof is completed. �

From above propositions we come to the following conclusion

Proposition 3 The transformation (Yn; rn, sn,pn → ˜Yn; r̃n, s̃n, p̃n) is the Darboux transfor-
mation of the spectral problem (21), under the Backlund transformation

r̃n = rn + t12(n + 1), s̃n = sn − t21(n), p̃n = pn + t22(n + 1) − t22(n). (45)

The solution rn, sn,pn are mapped into the new solution r̃n, s̃n, p̃n. Substituting the trivial
solution rn = sn = pn = 1 of (12) into (22) leads to

Yn+1 =
(

0 1
1 λ + 1

)

, Ynt =
(

λ
2 + 1

2 −1

−1 − λ
2 − 1

2

)

, (46)
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its basic solution can be chosen as

�n = βn exp(t
√

λ2 + 2λ + 5)

(

2
λ + 1 − √

λ2 + 2λ + 5

)

,

�n = βn exp(−t
√

λ2 + 2λ + 5)

(

2
λ + 1 + √

λ2 + 2λ + 5

)

(47)

with β = (
λ+1+

√
λ2+2λ+5
2 ).

Substituting (47) into (25) we obtain

αi(n) = βn
i exp(2t

√
ξi)(λi + 1 − √

ξi) − γi(−βn
i )(λi + 1 + √

ξi)

2βn
i exp(2t

√
ξi) − 2γi(−β−n

i )
, (48)

where βi = λi+1+
√

λ2
i
+2λi+5

2 , ξi = λ2
i + 2λi + 5. Therefore the new solutions are given as

following

r̃n = 1 + (λ1 − λ2)α1(n)α2(n)

α1(n) − α2(n) + (λ2 − λ1)α1(n)α2(n)
,

s̃n = 1 − (λ1 − λ2)α1(n)α2(n)

α1(n) − α2(n)
,

p̃n = 1 + λ1α2(n) − λ2α1(n) + (λ2
1 + λ1 − λ2

2 − λ2)α1(n)α2(n)

α1(n) − α2(n) + (λ2 − λ1)α1(n)α2(n)

+ λ1α1(n) − λ2α2(n)

α2(n) − α1(n)
.

(49)

Additional, if we choose r̃n, s̃n, p̃n as the seed solution of (12), we can obtain other new
explicit solution by use of Darboux transformation again. Repeating the above process again
and again we can get multi-soliton solution.
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